Diffusion in bidisperse Brownian hard-sphere suspensions is studied by Stokesian Dynamics (SD) computer simulations and a semi-analytical theoretical scheme for colloidal short-time dynamics, based on Beenakker and Mazur's method [Physica 120A, 388 (1983[Physica 120A, 388 ( ) & 126A, 349 (1984]. Two species of hard spheres are suspended in an overdamped viscous solvent that mediates the salient hydrodynamic interactions among all particles. In a comprehensive parameter scan that covers various packing fractions and suspension compositions, we employ numerically accurate SD simulations to compute the initial diffusive relaxation of density modulations at the Brownian time scale, quantified by the partial hydrodynamic functions. A revised version of Beenakker and Mazur's δγ-scheme for monodisperse suspensions is found to exhibit surprisingly good accuracy, when simple rescaling laws are invoked in its application to mixtures. The so-modified δγ scheme predicts hydrodynamic functions in very good agreement with our SD simulation results, for all densities from the very dilute limit up to packing fractions as high as 40%.
I. INTRODUCTION
Short-time diffusion in Brownian suspensions has been a topic of extensive research for many years, which has pushed forward the development of various computer simulation methods including Lattice Boltzmann simulations [1] [2] [3] , Dissipative Particle Dynamics 4,5 , Stochastic Rotation / Multiparticle Collision Dynamics [6] [7] [8] , hydrodynamic force multipole methods 9, 10 , boundary integral methods 11, 12 , and (Accelerated) Stokesian Dynamics [13] [14] [15] . Each of these simulation methods is rather involved, which is one reason for the on-going development of approximate (semi-) analytical theoretical schemes for colloidal short-time dynamics [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . In spite of extensive simulations and analytical theoretical studies, substantial gaps remain in the colloidal suspension parameter space that has not yet been explored, which is due both to the large number of tunable parameters in soft matter systems, and the complexity of the salient hydrodynamic interactions (HIs) among the suspended particles. The purpose of the present work is to assess the short-time diffusive dynamics in mixtures of hard spheres with two different hard-core diameters using a generalization of Stokesian Dynamics (SD) simulations and an analytical-theoretical scheme. While similar studies have so far been limited to suspensions in which at least one of the species is very dilute 16, 19, 22, 26 , in the present article we cover a large range of packing fractions including both dilute and dense bidisperse hardsphere fluids. All results presented here can be straightforwardly generalized to suspensions of more than two a) mwwang@caltech.edu b) mheinen@caltech.edu c) jfbrady@caltech.edu particle species.
In addition to the steric no-overlap constraint, the suspended hard spheres interact via solvent-mediated HIs. Accurate inclusion of HIs into theory and simulation is essential, since the linear transport coefficients for colloidal suspensions are governed entirely by the HIs in the colloidal short-time regime. However, the peculiar properties of HIs render their computation a formidable task. In particular, HIs are long-ranged, non-pairwise-additive, and exhibit steep divergences in case of lubrication, i.e., when particles move in close contact configurations.
A semi-analytical theoretical scheme for short-time suspension dynamics, with multi-body HIs included in an approximate fashion, has been devised by Beenakker and Mazur 17, 18, 20 , and has quite recently been re-assessed by Makuch and Cichocki 25 . This method, commonly referred to as the δγ scheme, makes use of resummation techniques by which an infinite subset of the hydrodynamic scattering series 27 is computed, including all particles in suspension. Nevertheless, a complementary infinite subset of scattering diagrams is omitted in the δγ scheme which, moreover, fails to include the correct lubrication limits of particle mobilities. Comparisons of the original δγ-scheme predictions to experimental and computer simulation data have revealed a shortcoming of the δγ scheme in its prediction of self-diffusion coefficients 23, 24, [28] [29] [30] , which can be largely overcome by resorting to a modified δγ scheme in which the computation of the self-diffusion coefficients is carried out by a more accurate method 23, 24, 29 . To date the (modified) δγ scheme remains the only analytical-theoretical approach that captures the essential physics of diffusion in dense suspensions, making predictions at an acceptable accuracy level. Unfortunately, the δγ scheme has so far been formulated for monodisperse suspensions only, and a stringent generalization to mixtures poses a tedious task.
Here we propose a simple rescaling rule that allows the application of the numerically efficient, easy to implement standard δγ-scheme expressions to mixtures of bidisperse hard spheres. The rescaling rule is based on the notion of describing either species as an effective, structureless host medium for the other species to move in. By comparing to our SD simulation results we show that the rescaled, modified δγ scheme predicts both species' partial hydrodynamic functions with a surprisingly good accuracy, for suspension volume fractions as high as 40%. The proposed, rescaled δγ scheme can be particularly useful in the analysis of scattering experiments, where only a limited part of the hydrodynamic function can be measured due to the limited range of accessible wave vectors. The remaining part of this article is organized as follows: In Sec. II we define the hard-sphere mixtures under study, and discuss the prevailing interactions among the particles. Section III contains a discussion of colloidal short-time diffusion and the partial hydrodynamic functions that are calculated in the present work. Our SD simulations are outlined in Sec. IV, which is followed by a description of the rescaled δγ scheme in Sec. V. In Sec. VI we present our results for partial hydrodynamic functions of various suspensions, and we draw our finalizing conclusions in Sec. VII.
II. BIDISPERSE HARD-SPHERE SUSPENSIONS
We study unbounded homogeneous equilibrium suspensions of non-overlapping Brownian hard spheres with hard-core radii a α and a β . The pairwise additive direct interaction potentials between the particles can be written as
in terms of the particle-center separation distance r and the particle species indices α, β ∈ {1, 2}. The suspensions' thermodynamic equilibrium state, studied in the present work, is entirely described by the three nonnegative dimensionless parameters
where λ is the size ratio and φ α = (4/3)πn α a 3 α is the volume fraction of species α in terms of the partial number concentration n α = N α /V . In taking the thermodynamic limit both the number, N α , of particles of species α, and the system volume V diverge to infinity while their ratio n α is held fixed. The remaining parameters in Eqs. (3) and (4) are the total volume fraction φ and the composition ratio y, which satisfies 0 ≤ y ≤ 1. Without loss of generality, we assume a 2 ≥ a 1 in the following. We denote the total number of particles as N , and obviously,
All particles are assumed neutrally buoyant in an infinite quiescent, structureless Newtonian solvent of shear viscosity η 0 . No external forces or torques act on the suspended particles. The solvent is assumed to be incompressible, and the Reynolds number for particle motion is assumed to be very small, such that the solvent velocity field v(r) and dynamic pressure field p(r) satisfy the stationary Stokes equation with incompressibility constraint,
at every point r inside the solvent. Equations (5) and (6) are supplemented with hydrodynamic no-slip boundary conditions on the surface of each suspended sphere. The linearity of Eq. (5) and (6) suggests a linear coupling between the translational velocity of particle l, U l , and the force exerted on particle j, F j :
where the mobility tensor µ tt lj has a size of 3 × 3. By placing the tensor µ tt ij as elements of a larger, generalized matrix, we construct the suspension grand mobility tensor µ tt of size 3N × 3N . The minimum dissipation theorem 31 requires µ tt to be symmetric and positive definite.
III. SHORT-TIME DIFFUSION
Here we are interested in diffusive dynamics at a coarse-grained scale of times t that satisfy the two strong inequalities
defining the colloidal short-time regime. The hydrodynamic time scale τ H = a 2 ρ 0 /η 0 , involving the solvent mass density ρ 0 , quantifies the time at which solvent shear waves traverse typical distances between (the larger) colloidal particles. The criterion t ≫ τ H implies that HIs, being transmitted by solvent shear waves, act effectively instantaneously at the short-time scale. Therefore, the elements of the grand mobility matrix µ tt depend on the instantaneous positions r N = {r 1 , r 2 , · · · , r N } of all particles, but not on their positions at earlier times. The momentum relaxation time τ I = m 2 /(6πη 0 a 2 ) in terms of the mass, m 2 of a particle of species 2, is similar in magnitude to τ H . At times t ≫ τ I , many random collisions of a colloidal particle with solvent molecules have taken place, the particle motion is diffusive, and the inertia plays no role. The colloidal short time regime is bound from above by the (diffusive) interaction time scale τ D = a −1 is the single particle mobility of species α, k B is the Boltzmann constant and T is the absolute temperature. During times t τ D , diffusion causes the spatial configuration of the (smaller) particles to deviate appreciably from their initial configuration, and in addition to the HIs, rearrangements of the cage of neighboring particles start to influence particle dynamics. This results in a sub-diffusive particle motion at times t τ D preceding the ultimate diffusive long-time regime t ≫ τ D at which a particle samples many independent local neighborhoods. Unless the particle size-ratio λ is very large, τ D is some orders of magnitude larger than both τ H and τ I , and the colloidal short-time regime in Eq. (8) is well defined 32 . Scattering experiments on bidisperse colloidal suspensions, including the most common small angle light scattering 33 and x-ray scattering 34, 35 techniques, allow the extraction of the measurable dynamic structure factor
which contains the scattering amplitudes, f α (q), for particles of either species, the mean squared scattering amplitude
(q) in terms of the molar fractions x α = N α /N , and the partial dynamic structure factors S αβ (q, t). In case of scattering experiments, N α is the mean number of α-type particles in the scattering volume. The microscopic definition of the partial dynamic structure factors reads
where l min = (α − 1)N β + 1 and j min = (β − 1)N α + 1 are the lower summation range limits, l max = l min + N α − 1 and j max = j min + N β − 1 are the upper summation range limits, i = √ −1 is the imaginary unit, lim ∞ indicates the thermodynamic limit, the brackets . . . stand for the ensemble average, and r γ k (t) is the position of particle number k (which belongs to species γ) at time t. From the microscopic definition it follows that S αβ (q) = S βα (q), and that the functions S αα (q) are non-negative, while the S αβ (q) for α = β can assume either sign. In the special case of t = 0, the partial dynamic structure factors reduce to the partial static structure factors S αβ (q) = S αβ (q, 0) and, likewise, S M (q, 0) = S M (q) is the measurable static structure factor.
A useful approximation in the analysis of experimental scattering data for suspensions with a small degree of particle polydispersity (typically 10% or less relative standard deviation in the particle-size distribution) is the decoupling approximation 21, 29 in which all functions S αβ (q, t) in Eq. (9) are approximated by a monodisperse, mean structure factor S(q, t). For the strongly size-asymmetric hard-sphere mixtures studied here, the S αβ (q, t) show distinct mutual differences, which rules out the application of the decoupling approximation.
In some experiments, the f α (q) for different species α may be tuned independently. An example is the selective refractive index matching of solvent and particles in light scattering experiments 36 . Under such circumstances, the three independent functions S αβ (q) for α, β ∈ {1, 2} may be singled out individually. When all functions S αβ (q, t) are known, the dynamic number-number structure factor
can be determined which reduces, for t = 0, to the static number-number structure factor S N N (q). In computer simulations, the S αβ (q, t) and S N N (q, t) are easily extracted once that all the time-dependent particle positions r γ k (t) are known, but the challenge lies in the accurate computation of the latter.
Colloidal dynamics at times t ≫ τ H ∼ τ B are governed by the Smoluchowski diffusion equation 32 which quantifies the temporal evolution for the probability density function P (t, r N ) of the particle configuration r N at time t. It can be shown 37 that the 2 × 2 correlation matrix S(q, t) with elements S αβ (q, t) decays at short times as
with a diffusivity matrix D(q) that can be split as
into a product of the matrix H(q) of partial hydrodynamic functions H αβ (q) and the inverse partial static structure factor matrix S −1 (q). The functions H αβ (q) can be interpreted as generalized wavenumber-dependent short-time sedimentation velocities: In a homogeneous suspension, the value of H αβ (q) quantifies the spatial Fourier components of the initial velocity attained by particles of species α, when a weak force field is switched on that acts on particles of species β only, dragging them in a direction parallel to q with a magnitude that oscillates harmonically as cos(q · r). The microscopic definition of the partial hydrodynamic functions reads
whereq = q/q is the normalized wave vector, and the summation ranges l min . . . l max and j min . . . j max are the same as Eq. (10). Note that the positive definiteness of the µ tt implies that the functions H αα (q) are nonnegative, whereas the functions H αβ (q) can assume both positive and negative values for α = β. In particular, the latter functions assume negative values at small values of q due to the solvent backflow effect: When a weak spatially homogeneous external force acts on particles of species β only, it causes the β-type particles to sediment in a direction parallel to the applied force, which corresponds to H ββ (q → 0) > 0. Mass conservation requires the collective motion of β-type particles to be compensated by an opposing backflow of solvent, which drags the α-type particles in the direction anti-parallel to the applied force. Hence, H αβ (q → 0) < 0 for α = β.
By splitting the sum in Eq. (14) into the self (l = j) and the complementary distinct contributions, the functions H αβ (q) can each be decomposed, according to
into a sum of a wavenumber-independent self-part and the wavenumber-dependent distinct part of the partial hydrodynamic function, H 
and the measurable hydrodynamic function
can be computed, which quantify the short-time decay of the dynamic number-number structure factor
and the measurable dynamic structure factor
through the number-number diffusion function
IV. STOKESIAN DYNAMICS SIMULATIONS
The framework of the Stokesian Dynamics (SD) has been extensively discussed elsewhere 13, 15, 38, 39 and here we only present the aspects pertinent to the present work. For rigid particles in a suspension, the generalized particle forces F and stresslets S are linearly related to the generalized particle velocities U through the grand resistance tensor R as
where U ∞ and e ∞ are the imposed generalized velocity and strain rate, respectively. The generalized force F represents the forces and torques of all particles in the suspension, and the generalized velocity U contains the linear and angular velocities for all particles. The grand resistance tensor R is partitioned as
where, for example, R F U describes the coupling between the generalized force and the generalized velocity, R F E describes the coupling between the generalized force and the strain rate, etc.. In the SD method the grand resistance is approximated as
where the far field mobility tensor M ∞ is constructed pairwisely from the multipole expansions and the Faxén's laws of the Stokes equation up to the stresslet level, and its inversion captures the long-range many-body hydrodynamic interactions. The near-field lubrication correction (R 2B − R ∞ 2B ) is based on the exact two-body solutions with the far field contributions removed, and it accounts for the singular HIs when particles are in close contact. The SD method recovers the exact solutions of the two-particle problems and was shown to agree well with the exact solution of three-particle problems 40 . Extending the SD method to polydisperse systems retains the computational framework above. The far-field polydisperse mobility tensor M ∞ is computed using the multipole expansions as in Refs. 41 and the resulting expressions are extended to infinite periodic systems using Beenakker's technique 42, 43 . The lubrication correction (R 2B − R ∞ 2B ) for particle pair with radii a α and a β are based on the exact solution of two-body problems in Refs. 44-47 up to s −300 , where s = 2r/(a α + a β ) is the scaled center-to-center particle distance. In our simulations, the lubrication corrections are invoked when r < 2(a α + a β ), and the analytic lubrication expressions are used when r < 1.05(a α + a β ).
Our simulations proceed as follows. First, a random bimodal hard-sphere packing at the desired composition is generated using the event-driven Lubachevsky-Stillinger algorithm 48, 49 with high compression rate. After the desired volume fraction φ is reached, the system is equilibrated for a short time (10 events per particle) at zero compression rate. This short equilibration stage is necessary as the compression pushes particles closer to each other. Prolonging the equilibration stage does not alter the resulting suspension structure significantly. Figure 1 features the partial static structure factors S αβ (q) from the above simulation protocol for a bidisperse suspension of λ = 2, y = 0.5, and φ = 0.5, the highest volume fraction studied in this paper. The measured functions S αβ (q) are compared with the PercusYevick (PY) [50] [51] [52] integral equation solutions at the same composition. We use the analytical PY scheme solutions as input to the rescaled δγ scheme, as described in the following section. Note that even at the high volume fraction φ = 0.5, the PY closure describes the suspension structure very accurately.
To avoid singularities in the grand resistance tensor due to particle contact, we enforce a minimum separation of 10 −6 (a i + a j ) between particles in our simulations. The resistance tensor R is then constructed based on the particle configuration r N . The partial hydrodynamic functions are extracted from µ tt , a submatrix of the grand mobility tensor
which contains coupling between the translational (t) and rotational (r) velocities and forces of a freely-mobile particle suspension. Typically each configuration contains 800 particles and at least 500 independent configurations are studied for each composition. The partial hydrodynamic functions H αβ (q) extracted from the simulations exhibit a strong 3 √ N size dependence due to the imposed periodic boundary conditions 9, 23, 53, 54 . The finite size effect can be eliminated by considering H αβ (q) as a generalized sedimentation velocity. The sedimentation velocity from a finite size system with periodic boundary conditions is a superposition of the velocities from random suspensions and cubic lattices 53, 54 . This argument is straightforwardly extended to bidisperse suspensions, where the size correction, ∆ N H αβ (q), for the partial hydrodynamic functions computed from the N -particles system, H αβ,N (q), is
is the hydrodynamic function in the thermodynamic limit, and η s /η 0 is the high frequency shear viscosity of the suspension, which is obtained from the same simulation. Note that the shear viscosity η s /η 0 changes little with system size, and that the scaling for H αβ (q) in Eq. (24) is chosen to be µ 25,30 predicts short-time linear transport coefficients of monodisperse colloidal suspensions with an overall good accuracy, for volume fractions of typically less than 40%. A modified version of the δγ scheme with an improved accuracy has been proposed in Refs. 23, 24, 28, and 29. The modification consists of replacing the rather inaccurate, microstructure-independent δγ-scheme expression for the self-diffusion coefficient d s by a more accurate expression. The hydrodynamic function for a monodisperse suspension is then calculated as the sum of this more accurate self-term and the distinct part of the hydrodynamic function, the latter retained from the original δγ scheme (c.f., the special case of Eq. (15) for monodisperse suspensions). This replacement of the self-diffusion coefficient does not only result in an improved accuracy of the predicted hydrodynamic functions for hard spheres, but also allows computation of hydrodynamic functions of charge-stabilized colloidal particles with mutual electrostatic repulsion of variable strength.
There are several possibilities for choosing the selfdiffusion coefficient in the modified δγ scheme. It can be treated as a fitting parameter 28 , calculated by computer simulation 23 , or in the approximation of pairwise additive HIs, which is specially well-suited for charge-stabilized suspensions 24, 29 . In case of monodisperse hard-sphere suspensions,
where
In Eq. (26), y = 2qa is a dimensionless wavenumber,
is the cosine of the angle between q and q ′ , and the volume-fraction and wavenumber-dependent function S γ0 (φ, y) (not to be confused with a static structure factor) has been specified in Refs. 20, 28 . For monodisperse suspensions, the δγ scheme requires only the static structure factor S(q) and the suspension volume fraction φ as the input for calculating the hydrodynamic functions, namely,
where H δγ [·, ·] denotes the modified δγ-scheme result based on Eqs. (15), (25) and (26) . Extending the δγ scheme to the more general case of bidisperse suspensions is a non-trivial task. The size polydispersity affects (i) the structural input through the partial static structure factors S αβ (q), and (ii) the hydrodynamic scattering series 27 , upon which the δγ scheme is constructed 25 . For bidisperse suspensions, the structural input in (i) can be computed by liquid integral equations, e.g., the PY scheme 50-52,56 which we use in the present study. However, the evaluation of the bidisperse hydrodynamic scattering series is more difficult since each scattering diagram for monodisperse suspensions has to be replaced by multiple diagrams describing the scattering in particle clusters containing particles of both species. Even if the resummation of the bidisperse hydrodynamic scattering series can be achieved, the accuracy of the results remains unknown without a direct comparison to experiments or computer simulations.
Here we bypass the difficult task of bidisperse hydrodynamic scattering series resummation and adopt a simpler idea based on the existing (modified) δγ scheme for monodisperse particle suspensions. The partial hydrodynamic functions H αα (q) can always be written as
where the factor
describes the wave-number dependent HIs due to the other species β not captured in the δγ scheme, and also depends on the suspension composition. For the interspecies partial hydrodynamic functions H αβ (q) (α = β), the limiting value at q → ∞, like S αβ (q), goes to zero. Therefore, only the distinct part in the δγ scheme is relevant, and to maintain consistency with Eq. (26), a shifted distinct static structure factor S αβ (q) + 1 (α = β) is used as the input. Similar to Eq. (28), a scaling factor f αβ = f αβ (q; λ, φ, y) provides the connection to the δγ scheme by
when
is computed according to Eq. (26) . Note that in Eq. (30) the total volume fraction φ is used in the δγ scheme. This is motivated by the physics of H αβ (q) (α = β)-from a generalized sedimentation perspective, it describes the q-dependent velocity response of species α due to an application of q-dependent forces on the β species. Since both species are present, the total volume fraction φ should be used. For monodisperse suspensions with artificially labeled particles, we expect f αβ ∼ 1. In bidisperse suspensions the deviation from unity in f αβ is due to the size effects in HIs.
A simplification for the hydrodynamic interactions in bidisperse suspensions is to assume that the HIs are of a mean-field nature, and consequently the factors in Eq. (28) and (30) become q-independent, i.e.,
In this way, the monodisperse δγ scheme is extended to bidisperse suspensions by introducing composition dependent scaling constants. We call the resulting approximation scheme the rescaled δγ scheme. As we will see in Sec. VI, this simplification describes the SD measurement surprisingly well-providing an a posteriori justification for Eq. (31) and (32) . Note that the rescaling rules in Eq. (28) and (30) can be straightforwardly generalized to the polydisperse case with more than two different particle species. Figure 2 succinctly illustrates the rescaled δγ scheme. In computing the functions H αα (q), we ignore the particulate nature of species β which is replaced by an effective medium for species α to move in (left and right panels in Fig. 2) . The effective translational free diffusion coefficient is therefore f α d α 0 , and is expected to be smaller than the SSE diffusion coefficient d α 0 for diffusion in the pure solvent, leading to f α < 1. The distinct species partial hydrodynamic function H αβ (q) for α = β is approximated by the corresponding function in a hydrodynamically monodisperse suspension of fictitious particles (γ-type particles in Fig. 2 ) in pure solvent, which occupy the same center of mass positions as the α-and β-type particles in the bidisperse suspension. The size of the γ-type particles is chosen such that φ γ = φ = φ α + φ β . We stress again that the fidelity of our approach cannot be easily estimated, but rather is validated a posteriori by comparing with the SD simulation results.
For our rescaled δγ scheme to be useful, estimations of the scaling factors f α and f αβ are required. To estimate the factor f α , recall that f α d α 0 describes the translational free diffusivity of one particle of species α in an effective medium of many β particles. Equivalently, for many α particles, 
where the monodisperse self-diffusivity d s (φ)/d 0 is given in Eq. (25) , and the estimation of the species selfdiffusivity is discussed next. For the interspecies factor f αβ , we assume the mean-field description of HIs is sufficient and the size effect is weak, i.e.,
Note that both Eq. (33) and (34) 
with the integrals
in terms of s = 2r/(a α +a β ) and λ βα = a β /a α . The scalar hydrodynamic two-body mobility functions x a 11 (s) and 2y a 11 (s) describe the relative motions of two spheres in the direction parallel and orthogonal to a line that connects the sphere centers, respectively, and can be calculated with arbitrary precision 31, 44, 57 . A series expansion in the inverse particle separation yields the leading order farfield terms of the integrand (37) Here, we employ the two-body mobility coefficients from ref. 44 up to s −300 to ensure a smooth crossover to the analytically known close-contact (lubrication) expressions 58 . For particle size-ratio λ = 2, numerical integration of Eq. (36) yields the values I 11 = I 22 = −1.8315, I 12 = −1.4491 and I 21 = −2.0876.
Computation of the quadratic and higher order terms of the virial expansion in Eq. (35) is an elaborate task, even when three-body HIs are included in their leadingorder far-field asymptotic form only 22 . In place of such cumbersome computation of the d
which reduces to the accurate expression in Eq. (25) for λ = 1, and is correct to linear order in the volume fractions for all values of λ. In Eq. (38) , the effects of different particle sizes are incorporated in the linear term while the effects of different volume fractions are treated in a mean-field way, i.e., independent of the size ratio.
It is important to note here that Eq. (38) is merely an educated guess for the quadratic and cubic terms in the virial expansions of the d
The accuracy of (25) will be tested by comparison to our SD results in Sec. VI. With Eqs. (25) , (34) , and (38), the analytical estimation for f α is
VI. RESULTS AND DISCUSSIONS
In this section we compare results of the rescaled δγ scheme described in Sec. V to the results of the SD simulations outlined in Sec. IV. For each suspension composition, the SD simulations typically take a few days, while computations using the rescaled δγ scheme only require at most a few minutes. This great performance incentive renders the rescaled δγ scheme more convenient for many applications.
The rescaled δγ scheme relies on the monodisperse δγ scheme to capture the structural features in the hydrodynamic functions of bidisperse suspensions, using bidisperse static structure factors as input. The validity of this Ansatz can be directly validated by studying a bidisperse suspension where one of the species, say, species β, only influences the suspension structurally but not hydrodynamically, i.e., f α = 1 in Eq. (28) . An experimental realization of such system would be a mixture of hard-sphere particles and highly permeable porous but rigid particles of different size. In the SD simulations, we generate a bidisperse suspension configuration and then exclude the inactive species β from the hydrodynamic computations. The resulting hydrodynamically monodisperse, but structurally bidisperse suspension's function H(q) is influenced by the partial static structure factor S αα (q). Figure 3 compares the partial hydrodynamic functions H αα (q) of bidisperse suspensions containing hydrodynamically inactive particles from the rescaled δγ scheme [Eq. (28) with f α = 1] and the SD simulations. Recall that, for example, H 11 (q) corresponds to suspensions with hydrodynamically inactive large particles. Comparing to the SD measurements, the monodisperse δγ scheme accurately captures the structural features in the hydrodynamic functions with structural input S 11 (q), including in particular the minimum in H 11 (q) for qa 1 ≈ 1.7 due to cages formed by the large particles. However, the monodisperse δγ scheme systematically overestimates the magnitude of the hydrodynamic functions at all wave-numbers, since the species self-diffusivity in this case is different from the self-diffusivity in Eq. (25) monodisperse suspensions, due to the different suspension structures.
Turning now to the true (structurally and hydrodynamically) bidisperse suspensions where both species are hydrodynamically active, Fig. 4 features the SD measurements (symbols) of the partial hydrodynamic functions H αβ (q) for bidisperse suspensions with λ = 2 over a wide range of the compositions y and total volume fractions φ, covering both the dilute (φ = 0.1) and the concentrated (φ = 0.5) regimes. The qualitative and quantitative aspects of the functions H αβ (q) are extensively examined and discussed in a companion paper 59 , and here we focus on the performance of the rescaled δγ scheme.
We first discuss the central assumptions of the rescaled δγ scheme: the wave-number independence of the fitting parameters f α and f αβ in Eq. (31) and (32), respectively. The q-independent parameters f α and f αβ were computed by least-square fitting the SD measurements and the rescaled δγ scheme as in Eq. (28) and (30) . The fitted partial hydrodynamic functions are presented as solid curves in Fig. 4 . For H αα (q), the fitted data capture all the qualitative and most quantitative features in the SD measurements at all q for both species. The best agreement is found at y = 0.5, where both species are presented in large amount for the mean-field description of the HIs to be valid. For more asymmetric compositions, such as at y = 0.1 and y = 0.9, the agreement deteriorates slightly at low q with increasing φ. For the dilute suspensions at φ = 0.1, we find excellent agreement between the fitted functions and the SD measurements. At φ = 0.25, despite the excellent overall agree- ment for both species, the discrepancies are slightly more pronounced for the smaller species. The mean-field description is more appropriate for the hydrodynamic environment of the large particles, as each of them is surrounded by multiple small particles. On the other hand, the small particles are strongly affected by the presence of large particles, and the respective hydrodynamic environment exhibits more fluctuations. This leads to the slight disagreement in H 11 (q) at y = 0.9 in figure 4(b) . At φ = 0.5, the accuracy of the δγ scheme breaks down since the unaccounted hydrodynamic scattering diagrams become important. However, despite some disagreements the fitted scheme still captures many qualitative features of H αα (q). The disagreements are particularly apparent in the low q limit with asymmetric compositions, e.g., H 11 (q) at y = 0.9 in figure 4(c) and H 22 (q) at y = 0.1 in figure 4 (f). In these cases, the q-independent scaling factor f α is not sufficient to describe the hydrodynamic interactions from the minority species β. For H αβ (q) (α = β) shown in figure 4(g)-(i), the agreement between the measured and fitted H 12 (q) is excellent for all φ except at small q. Note that the modulations of H 12 (q) first increase from φ = 0.1 to φ = 0.25 due to the enhancement of hydrodynamic interactions, and then decrease from φ = 0.25 to φ = 0.5, possibly due to hydrodynamic shielding effects. The overall q-variations in H 12 (q) are small compared to H 11 (q) and H 22 (q). Overall, the agreement between the SD measurement and the fitted scheme validates the assumption of q-independence of f α and f αβ , up to relatively high volume fractions.
The fitted q-independent scaling factors f 1 , f 2 , and f 12 as a function of the composition y for bidisperse suspen- sions with λ = 2 at different volume fractions φ are presented in Fig. 5 . As expected, at a fixed volume fraction φ, f α decreases monotonically from 1 with the increasing presence of the other species β. At a fixed value of y, f α also decreases from 1 when the volume fraction φ is increased. Both decreasing trends in f α are due to the enhanced HIs from the other species. The scaling factor f 12 for the interspecies hydrodynamic interactions exhibits more peculiar behaviors. For φ = 0.1 and 0.25, the factor f 12 is close to unity, suggesting that the mean-field hydrodynamic interaction assumption in the rescaled δγ-scheme is valid. However, f 12 does become smaller with increasing y, i.e., for H 12 (q), adding larger particles to the suspension is not equivalent to adding smaller particles, which becomes particularly clear for φ ≥ 0.25 in Fig. 5(c) . For φ = 0.4 and 0.5, f 12 becomes much smaller than unity and decreases monotonically with increasing y. At these volume fractions, it appears that f 12 is extremely sensitive to the presence of the other species in the mixture, as we expect f 12 to recover to unity when y → 0 or y → 1.
The f 1 and f 2 predicted by Eq. (39) are shown in Fig. 5 The parameter-free partial hydrodynamic functions, predicted by the rescaled δγ scheme with factors f α from Eq. (39) and f 12 from Eq. (34) , are presented in figure 4 as dashed curves. The agreement with the SD measurements is satisfactory for H αβ (q) at all compositions at φ = 0.1 and 0.25. In figure 4 (b) the predicted f 1 slightly overestimates H 11 (q) at y = 0.1 at φ = 0.25, primarily due to the overestimation of the small particle diffusivity in Eq. (38) . At φ = 0.5, the prediction breaks down, and the discrepancy is most pronounced at y = 0.1 for the overestimation of H 11 (q) in figure 4(c) and at y = 0.9 for the underestimation of H 22 (q) in figure 4(f) . Moreover, Eq. (34) overestimates the q-modulations in H 12 (q) in all compositions at φ = 0.5 in figure 4(i) , as the hydrodynamic shielding in dense systems cannot be captured by f 12 = 1.
In practice, individual partial hydrodynamic functions H αβ (q) cannot be conveniently measured in scattering experiments and the measured quantity H M (q) is a weighted average of the H αβ (q). Note from Eqs. (16) and (17) , that H M (q) differs from the similar numbernumber hydrodynamic function H N N (q) only trough its dependence on the particle-specific scattering amplitudes f α (q). To test the accuracy of the rescaled δγ scheme, it is sufficient to test its predictions of H N N (q). In Fig. 6 we compare the H N N (q) from the SD measurements and from the rescaled δγ scheme, with factors f α and f αβ obtained from optimal least square fittings (solid curves) and from the parameter-free analytic Eqs. (39) and (34) (dashed curves). Results for the same bidisperse suspensions are depicted in Figs. 6 and 4. For φ = 0.1, the rescaled δγ scheme captures the SD results with high precision in the entire q-range, at all studied compositions y. Small discrepancies occur most noticeably in the q → 0 limit. At φ = 0.25, the difference in H N N (q) from both the fitted and the parameter-free analytical expression is less than 5% in the entire q-range, which demonstrates the validity of our proposed rescaling rules for the δγ scheme. For the very dense suspensions, φ = 0.5, we see how the rescaled δγ scheme breaks down. With the fitted f α and f αβ , the scheme is only capable of capturing the qualitative features in the measured H N N (q). With the f α and f αβ from Eq. (39) and (34) , the scheme exhibits significant differences from the SD measurements . It appears that an expression to estimate the species diffusivity in dense suspensions with disparate size ratios is the key to the success of the rescaled δγ scheme.
VII. CONCLUSIONS
In this work we have proposed a rescaled δγ scheme to compute approximations of the partial hydrodynamic functions H αβ (q) in colloidal mixtures. We found that the H αβ (q) from the Stokesian Dynamics measurements differs from the δγ scheme with appropriate structural input by a q-independent factor, suggesting that the hydrodynamic environment for one species can be described as a mean field due to the HIs from the other species and the solvent. This constitutes the fundamental assumption of the rescaled δγ scheme.
We extensively tested the rescaled δγ scheme with the SD simulation measurements for bidisperse suspensions over a wide range of volume fractions φ and compositions y, and provided approximate analytical estimates for the scaling factors f α , and f αβ . Comparing with the SD measurements, the rescaled δγ scheme with analytical scaling factors can accurately predict the number-number hydrodynamic function H N N (q) up to φ ≈ 0.4 at all studied composition ratios y, for a particle-size ratio as high as λ = 2.
The proposed rescaled δγ scheme is the first semianalytical method for estimating the bidisperse hydrodynamic functions up to φ = 0.4, and it can be readily extended to polydisperse and charged systems. It will be a valuable tool for interpreting dynamic scattering experiments of moderately dense bidisperse systems.
